The structure of totally critical graphs of odd order  by Dugdale, J.K & Hilton, A.J.W
Discrete Mathematics 266 (2003) 229–238
www.elsevier.com/locate/disc
The structure of totally critical graphs
of odd order
J.K. Dugdale, A.J.W. Hilton
Department of Mathematics, University of Reading, P.O. Box 220, Whiteknights,
Reading RG6 6AX, UK
Received 4 July 2001; received in revised form 13 June 2002; accepted 12 August 2002
Abstract
It has been known for some time that if the Conformability Conjecture is true, then we can say
exactly which graphs G of maximum degree (G)¿ 12 |V (G)| and even order are totally critical;
by contrast, the situation for odd order graphs has been unclear. Here we look in particular at
odd order graphs G with low de3ciency and high maximum degree relative to the order. We
show that such graphs are totally critical if and only if they are conformability critical. We also
give a structural characterization of such totally critical graphs. These results do not depend on
the truth or otherwise of the Conformability Conjecture.
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1. Introduction
In this paper, all graphs are simple—they have no loops or multiple edges. A total
colouring of a graph G is a map  :V (G) ∪ E(G) → C, where C is a set of colours,
such that (a) = (b) whenever a and b are two adjacent vertices or two edges
incident with the same vertex or a is a vertex and b is an edge incident with a. The
total chromatic number T (G) of a graph G is the least integer j such that G has a
total colouring with j colours. The total chromatic number conjecture (TCC) of Behzad
[1] and Vizing [7], independently, is that, for a simple graph G,
(G) + 16 T (G)6(G) + 2;
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where (G) is the maximum degree of G. The lower bound is obvious, but the upper
bound remains to be proved. For graphs satisfying the inequality (G)¿ 34 |V (G)|, this
conjecture was proved by Hilton and Hind [3]; nearly all the graphs discussed in this
paper will satisfy the inequality (G)¿ 34 |V (G)|, and so will satisfy T (G)6(G)+
2. We call graphs such that T (G) = (G) + 1, Type 1; otherwise we call them
Type 2.
A graph G is totally critical if it is connected, Type 2 and T (G − e)¡T (G) for
all e∈E(G). Assuming the TCC, it follows that an alternative de3nition is that G is
totally critical if G is connected, Type 2 and G − e is Type 1 for each e∈E(G) (see
[5,6]). For most of the graphs in this paper, the two de3nitions are equivalent.
Totally critical graphs were studied in [5,6]. They do not necessarily have the prop-
erties that one might expect (one example of this is that there are totally critical graphs
G of even order that have no totally critical subgraphs of degree (G)−1). Assuming
the TCC and the so-called Conformability Conjecture, the structure of totally critical
graphs of even order and degree (G)¿ 12 |V (G)| is understood and is reasonably
simple. However, the structure of totally critical graphs of odd order and high degree
has up to now seemed elusive; the understanding we believe we have of the structure
of totally critical graphs of even order sheds no light on the structure of such graphs
of odd order.
In [6], amongst many other things, Hamilton, Hilton and Hind made a rather incon-
clusive attempt to investigate the structure of totally critical graphs of odd order and
high degree. In this note, we carry this investigation through to a 3rm conclusion. Let
us de3ne the de6ciency def (G) of a graph G by
def (G) =
∑
v∈V (G)
((G)− dG(v)) = (G) |V (G)| − 2 |E(G)|:
A vertex colouring is a map  :V (G) → C such that, if v1 and v2 are two adjacent
vertices, then  (v1) =  (v2). A vertex colouring of G with (G)+ 1 colours is called
conformable if the number of vertex colour classes of parity diHerent from that of
|V (G)| is at most def (G) [note: empty colour classes are permitted here]. The graph
G itself is called conformable if it has a conformable vertex colouring. It is not hard
to show that if G is Type 1, then G is conformable (see [2]).
Given even integers j1; : : : ; jt¿ 2, odd integers i1; : : : ; is¿ 3 and an integer r¿ 0, let
K(j1; : : : ; jt ; i1; : : : ; is; r) be the vertex disjoint union of complete graphs Kj1 ; : : : ; Kjt ; Ki1 ;
: : : ; Kis and r isolated vertices. For given r, s, t, let K(t; s; r) be the collection of all
K(j1; : : : ; jt ; i1; : : : ; is; r) as j1; : : : ; jt and i1; : : : ; is vary.
Since every graph G has a vertex colouring with (G) + 1 colours, JG contains
a spanning subgraph in K(t; s; (G) + 1 − s − t) for some s, t. For these spanning
subgraphs
j1 + · · ·+ jt + i1 + · · ·+ is + (G) + 1− s− t = |V (G)|:
Notice that if G is conformable and of odd order, then G has a vertex colouring
with at most def (G) even order colour classes. Note that we can assume that all
colour classes are non-empty, for otherwise we can split a colour class into two, without
increasing the number of even order colour classes. Therefore, when |V (G)|=2n+1, G
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is conformable if and only if JG contains a spanning subgraph in K(t; s; (G)+1−s− t)
for some t6 def (G) and some s. In this case
j1 + · · ·+ jt + i1 + · · ·+ is + (G) + 1− s− t = 2n+ 1:
If G is totally critical, then, as shown by Hilton and Hind [4], if the Conformability
Conjecture is true and (G)¿ 12 (|V (G)| + 1), then either G is non-conformable and
G− e is conformable (∀e∈E(G)), or (G) is even and G is obtained by subdividing
an edge of K(G)+1. Thus when |V (G)|= 2n+ 1, if G is totally critical, then, for any
edge e, G − e contains a spanning subgraph in K(t; s; (G)+1− s− t) for some s and
some t6 def (G− e)=def (G)+2 (here we use the fact (Lemma 8 of this paper) that
(G − e) = (G)).
Two kinds of graph of odd order which are non-conformable, but, like the totally
critical graphs just mentioned, are not far from being conformable, were introduced
by Hamilton et al. [6]. A graph G of order 2n + 1 is barely non-conformable if
G is non-conformable and there is a subgraph of JG in K(t; s; (G) + 1 − s − t) of
order 2n − 1 for some s and some t6 def (G). (Such graphs G were also called just
non-conformable in an early version of Hamilton et al. [6]). A graph G of order
2n + 1 is nearly conformable if G is non-conformable and JG contains a subgraph in
K(t; s; (G) + 1 − s − t) of order 2n − 1 for some s and some t6 def (G) + 2. They
proved the following result.
Proposition 1. Let |V (G)|= 2n+ 1 and
(G)¿ 13 (
√
7(2n+ 1) + def (G) + (
√
7− 2)) + 1:
Then
(i) if G is barely non-conformable, then G is totally critical;
(ii) if G is totally critical, then G is nearly conformable.
Our discussion will be helped by the introduction of a third kind of graph which is
also non-conformable but not far from being conformable. A graph G of order 2n+ 1
is almost conformable if it is non-conformable and JG contains a spanning subgraph
in K(t; s; (G) + 1− s− t) for some s and some t6 def (G) + 2.
The diHerences between these various de3nitions are set forth in Table 1.
Let us just elucidate one minor point in our discussion. In the de3nitions of bare
non-conformability, near conformability, and almost conformability, as well as in the
de3nition of conformability when |V (G)|= 2n+ 1 (so is odd), the number t satis3es
t ≡ def (G) (mod 2):
To see this, notice that in each case the subgraph of JG in K(t; s; (G) + 1 − s − t)
contains s+((G)+1−s−t)=(G)+1−t vertex disjoint complete graphs of odd order.
The order of the subgraph is either 2n − 1 or 2n + 1 depending on which de3nition
we are considering. Therefore, (G) + 1 − t ≡ 2n + 1 (mod 2) so t ≡ (G) (mod 2).
It is easy to see that, for any graph H , def (H) is odd if and only if both (H) and
|V (H)| are odd (this is shown in Lemma 3.5 of [6]). Since |V (G)| is odd, it follows
that def (G) ≡ (G) (mod 2). Therefore, t ≡ def (G) (mod 2).
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Table 1
Bound on t Order of subgraph of JG
Bare non-conformability def (G) 2n− 1
Almost conformability def (G) + 2 2n+ 1
Near conformability def (G) + 2 2n− 1
Conformability def (G) 2n+ 1
It now follows that if G is almost conformable and H is a spanning subgraph of
K(t; s; (G)+1− s− t) with t6 def (G)+2 then t=def (G)+2. For if t ¡ def (G)+2
then t6 def (G) and G would be conformable.
Concerning Proposition 1, Hamilton, Hilton and Hind gave an example in [6] of a
graph of odd order and relatively high maximum degree that is totally critical but not
barely non-conformable. Denoting this graph by M , we have V (M) = {x1; x2; : : : ; x11}
and the pairs xixi+1 and xixi+3 are the only non-edges, where i = 1; 2; : : : ; 11 and the
subscripts are read modulo 11.
For e∈E(G), G−e has the odd subgraph condition if G − e has a spanning subgraph
H in K(t; s; (G)+1− s− t) with t6 def (G−e) and, moreover, in any such spanning
subgraph H , the edge e is contained in one of the odd complete graphs of H . Thus,
any conformable vertex colouring of G− e has both end-vertices of e in the same odd
colour class.
The graph M in the example above of a totally critical graph that is not barely
non-conformable has the property that M − e has the odd subgraph condition for each
edge e∈E(M).
We can now state our main result.
Theorem 2. Let G be a graph of order 2n+1 and maximum degree. (G)¿ 13 (
√
7(2n+
1) + def (G) +
√
7− 2) + 1 Then G is totally critical if and only if
Either
(i) G is barely non-conformable and, for some edge e, G− e does not have the odd
subgraph condition;
or
(ii) G is nearly conformable and, for all edges e, G − e has the odd subgraph
condition.
It is easy to see that the 11-vertex graph M above is nearly conformable and, as we
just remarked, for each e∈E(M), M − e has the odd subgraph condition. This is the
only example we have of such a graph, but our intuition is that many other examples
exist. We must point out that the graph M is not actually in the set of graphs satisfying
the inequality of Theorem 2. However, it is expected that in due course this inequality
will be weakened greatly, with the conclusion remaining the same.
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Our discussion is eased considerably by the introduction of a further concept, that
of a conformability critical graph. A graph G is conformability critical if G is non-
conformable and yet, for each edge e∈E(G), G\e is conformable.
Theorem 3. Let G be a graph of odd order 2n+1, maximum degree (G)¿ 13 (
√
7(2n+
1)+def (G)+(
√
7−2))+1. Then G is totally critical if and only if G is conformability
critical.
If the Conformability Conjecture is true then, as shown in [4], Theorem 3 would be
true whenever (G)¿ 12 (|V (G)|+ 1).
A further result of use in the proof of Theorem 2 concerns almost conformable
graphs.
Theorem 4. Let G be a graph of odd order 2n + 1 with maximum degree (G)
satisfying
(G)¿ 34 (2n) +
1
4 def (G)− 32 :
Then G is almost conformable if and only if G is barely non-conformable.
2. The equivalence of total criticality and conformability criticality
In this section, we prove Theorem 3 which says that for graphs G of odd order,
high degree and low de3ciency, G is totally critical if and only if G is conformability
critical. To prove this we need the following results from [6] (Proposition 2.1 and
Corollary 4.16, respectively).
Lemma 5. If G is non-conformable, then G is Type 2.
Lemma 6. Let G be a graph of odd order 2n+1, maximum degree (G)¿ 13 (
√
7(2n+
1) + def (G) + (
√
7− 2)) + 1 and de6ciency def (G)6 2n− (G). Then G is Type 1
if and only if G is conformable.
We shall also need the following lemmas.
Lemma 7. Let G be a graph of odd order 2n + 1 and let G be non-conformable.
Then def (G)6 2n− − 2.
Proof. Clearly G has a vertex colouring with  + 1 colours with no empty colour
classes. In such a colouring at most 2n + 1 − ( + 1) = 2n −  colour classes have
more than one vertex. Thus if def (G)¿ 2n−, G is conformable. Therefore, def (G)6
2n−−1. But since def (G) ≡ (G) (mod 2), it follows that def (G)6 2n−−2.
Lemma 8. Let G be a non-conformable graph of odd order. Then G has at least
(G) + 3 vertices of maximum degree.
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Proof. By Lemma 7, if |V (G)| = 2n + 1 then 06 def (G)6 2n −  − 2. Clearly, G
has at least 2n + 1 − def (G)¿ 2n + 1 − (2n −  − 2) =  + 3 vertices of maximum
degree.
Proof of Theorem 3.
Necessity: Suppose that G is totally critical. Then G is Type 2 and, by Proposition
1, is nearly conformable, and thus is non-conformable. By Lemma 8, G has at least
(G) + 3 vertices of maximum degree. Therefore (G − e) = (G) for each edge
e∈E(G). Since G is totally critical, T (G − e)¡T (G) for each e∈E(G). Since√
7
3 ¿
3
4 and the TCC is true for graphs with maximum degree at least three quarters
the order, G− e is Type 1. Therefore, by Lemma 5, G− e is conformable. Thus G is
conformability critical.
Su;ciency: Suppose that G is conformability critical. Then G is non-conformable,
and therefore, by Lemma 5, G is Type 2. Also, for each e∈E(G), G−e is conformable.
By Lemma 7, def (G − e) = def (G) + 26 2n − , so it follows from Lemma 6 that
G− e is Type 1. Therefore T (G− e)=(G− e)+16(G)+1¡(G)+2=T (G).
G is connected, for suppose otherwise. Then G is the union of two disjoint non-empty
graphs G1 and G2 with vertex sets V1 and V2, respectively. Assume that |V1|¿ |V2|.
Then (1−
√
7
3 )2n¿ 2n−(G)− 2¿ def (G)¿ |V2|((G)− (|V2| − 1)) = |V2|((G)−
|V2|+ 1)¿ 1 · (G) = ¿
√
7
3 (2n), so 1−
√
7
3 ¿
√
7
3 , so 3¿ 2
√
7, a contradiction. It
follows therefore that G is totally critical.
3. Almost conformable graphs
In this section we show that if a graph G of odd order, high maximum degree and
low de3ciency is almost conformable, then it is critical (in both senses, conformability
critical and totally critical). We also show that a graph G is almost conformable if and
only if it is barely non-conformable.
Theorem 9. Let G be a connected almost conformable graph. Then G is conforma-
bility critical.
Proof. By de3nition, G is non-conformable and JG contains a spanning subgraph in
K(r; s; (G) + 1 − s − t) for some s and some t6 def (G) + 2. As remarked shortly
after Proposition 1, t = def (G) + 2.
Let e∈E(G). By Lemma 8, G has at least  + 3 vertices of maximum degree.
Therefore (G − e) = (G). Therefore, def (G − e) = def (G) + 2, so t6 def (G − e).
Also, JG ∪ {e}=G − e contains the same set Kj1 ; : : : ; Kjt , Ki1 ; : : : ; Kis of vertex disjoint
complete graphs as JG. Therefore, G−e is conformable. Therefore, G is conformability
critical.
Theorem 10. Let G be an almost conformable graph of order 2n+1, maximum degree
¿ 13 (
√
7(2n+ 1) + def (G) + (
√
7− 2)) + 1. Then G is totally critical.
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Proof. It follows from Theorem 9 that G is conformability critical. Then it follows
from Theorem 3 that G is totally critical.
We now turn to the proof of Theorem 4 which says that a graph G of odd order,
high maximum degree and low de3ciency is almost conformable if and only if it is
barely non-conformable.
Proof of Theorem 4.
Necessity: Suppose that G is almost conformable. Then G is non-conformable and
JG contains a spanning subgraph in K(t; s; (G) + 1 − s − t) for some s and some
t6 def (G) + 2. By a remark shortly after Proposition 1, t = def (G) + 2. Suppose
that the spanning subgraph of JG in K(t; s; (G) + 1 − s − t) contains vertex disjoint
complete graphs Kj1 ; : : : ; Kjt , where j‘¿ 2 is even (16 ‘6 t), and (G) + 1− t odd
order complete graphs, including singletons. Now delete a vertex u from the Kjt and a
vertex v from the Kjt−1 . Let t
∗ = t − 2. Then G − u− v contains a spanning subgraph
consisting of t∗ even order complete graphs and (G) + 1 − t∗ odd order complete
graphs, including singletons. If in fact JG contains a spanning subgraph consisting of t∗
vertex disjoint even order complete subgraphs and a further (G)+1−t∗ vertex disjoint
odd order complete subgraphs, including singletons, then G would be conformable, a
contradiction. Therefore G is barely non-conformable.
Su;ciency: Suppose that G is barely non-conformable. Then G is non-conformable
and there is a subgraph of JG in K(t; s; (G) + 1 − s − t) of order 2n − 1 for some
s and some t6 def (G). Thus all but two of the vertices of G can be coloured with
(G)+1 colours, no colour class being empty, with the number of even colour classes
being at most def (G). Let the even order complete graphs in the subgraphs of JG be
Kj1 ; : : : ; Kjt .
Let W be the union of all non-singleton colour classes and let JW =V (G)\W . Then
| JW |= 2 + (+ 1− s− t) and
JW | − |W |= | JW | − (2n+ 1− | JW |)
= 2| JW | − (2n+ 1)
= 2− 2n+ 5− 2(s+ t):
Counting vertices, and noting that no colour classes are empty, we see that
3s+ 2t + (+ 1− s− t)6 2n− 1;
so that, as s¿ 0,
s+ t6 2n− − 2:
Therefore
| JW | − |W |¿ 2− 2n+ 5− 2(2n− − 2)
= 4− 6n+ 9:
The number of edges of JG joining vertices of W to vertices of JW is at most
( JG)|W |+def (G). Therefore, the number f of edges of JG joining two vertices of JW
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satis3es
f¿ 12 (( JG) | JW | − {( JG)|W |+ def (G)})
= 12( JG)(| JW | − |W |)− 12def (G)
¿ 12 ( JG)(4− 6n+ 9)− 12 def (G):
Since (G)¿ 34 (2n) +
1
4 def (G)− 32 , we obtain
f¿ 12 ( JG)(def (G) + 1)− 12def (G)
= 12 (( JG)− 1) def (G) + 12( JG)
¿ 0 since ( JG)¿ 1 as; using Lemma 7; (G)6 2n− 2:
Therefore, there is an edge in JG joining two vertices of JW .
Let such an edge be a further complete subgraph Kjt+1 . Let t
′ = t + 1, s′ = s,
j′‘ = j‘ (06 ‘6 t), jt′ = 2, i
′
‘ = i‘ (16 ‘6 s
′). Then t′6 def (G) + 1 and j′1 +
· · · + j′t′ + i′1 + · · · + i′s′ +  + 1 − s′ − t′ = 2n. Thus all but one vertex of G can be
coloured with  + 1 colours, no colour class being empty, with the number of even
colour classes being at most def (G) + 1.
Let W ′ be the union of all non-singleton colour classes in this new colouring, and
let JW ′ = V \W ′. We may now repeat the argument above with very minor variations
of detail, and deduce that there is an edge in JG joining two vertices of JW ′. Then let
such an edge be a further complete subgraph Kjt′+1 = Kjt+2 . Let t
′′ = t′ + 1, s′′ = s′,
j′′‘ = j
′
‘ (06 ‘6 t
′), j′′t′′ = 2, i
′′
‘ = i
′
‘ (16 ‘6 s
′′). Then t′′6 def (G) + 2,
j′′1 + · · ·+ j′′t′′ + i′′1 + · · ·+ i′′s′′ + + 1− s′′ − t′′ = 2n+ 1
and JG contains vertex disjoint complete subgraphs Kj′′1 ; : : : ; Kj′′t′′ , Ki′′1 ; : : : ; Ki′′s′′ . It follows
that G is almost conformable.
Corollary 11. For graphs G satisfying the conditions of Theorem 4, the value of the
parameter t in the de6nition of bare non-conformability is def (G).
Proof. Recall that, as stated shortly after Proposition 1, def (G) ≡ t (mod 2). Now
consider the argument in the ‘suOciency’ just above, where we assumed that G is
barely non-conformable. Since t6 def (G), either t = def (G) or t6 def (G) − 2. If
t6 def (G)− 2 then t′′6 def (G), and so G is conformable, a contradiction. Therefore
t + 2 = t′′ = def (G) + 2, so t = def (G).
We can now prove our main result, Theorem 2, characterizing totally critical graphs
of odd order, high maximum degree and low de3ciency.
Proof of Theorem 2.
Su;ciency: Suppose 3rst that G is barely non-conformable and, for some edge e,
G − e does not satisfy the odd subgraph condition. Then it follows from Proposition
1(i) that, since G is barely non-conformable, G is totally critical.
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Next suppose that G is nearly conformable and that, for each edge e, G− e satis3es
the odd subgraph condition. Then, for each edge e, since G − e satis3es the odd
subgraph condition, G − e contains a spanning subgraph in K(t; s; (G) + 1 − s − t)
for some t6 def (G − e) and some s, and so G − e is conformable. Since G itself is
non-conformable, it follows that G is conformability critical, and, therefore, by Theorem
3, G is totally critical.
Necessity: Suppose that G is totally critical. We show 3rst that G is nearly con-
formable (the proof of this in [6] is defective). By Theorem 3, G is conformability
critical, so for each edge e∈E(G), G−e is conformable. By Lemma 8, (G)=(G−e),
so, given e∈E(G), there is a t6 def (G − e) = def (G) + 2 and an s¿ 0 such that
G − e has a spanning subgraph in K(t; s; (G)+1− s− t). Let this spanning subgraph
consist of a set of vertex disjoint complete non-empty even order graphs Kj1 ; : : : ; Kjt ,
and, disjoint from these, a set of vertex disjoint odd order complete graphs Ki1 ; : : : ; Kis ,
each of order at least three, and 3nally a vertex disjoint set of (G) + 1 − s − t
singletons. Then
j1 + · · ·+ jt + i1 + · · ·+ is + (G) + 1− s− t = 2n+ 1: (∗)
It follows from Lemma 7 that 6 2n− 2, and then from (∗) it follows that s+ t¿ 1.
It follows similarly that if s= 0 then either t = 1 and jt¿ 4, or t¿ 2.
Now delete two vertices of G − e. The two vertices to be deleted are chosen as
follows. At least one must be incident with e. If e = uv is incident with one (say u)
(or perhaps two) vertices of some Ki, say Kis , then delete u and some other vertex w
of Kis . Then G − {u; w}, and therefore JG, contains the vertex disjoint complete graphs
Kj1 ; : : : ; Kjt , Ki1 ; : : : ; Kis−1 , K(is−2), so, writing t
′ = t, s′ = s if is ¿ 3 or s′ = s − 1 if
is = 3, j′k = jk (16 k6 t), i
′
‘ = i‘ (16 i6 s − 1) and i′s′ = is − 2 if s = s′, we have
t′= t6 def (G)+2 and j′1 + · · ·+ j′t′ + i′1 + · · ·+ i′s′ ++1− s′− t′=2n−1. Therefore,
the condition for near conformability of G is satis3ed in this particular case.
If one, say u (or both), vertices of e= uv is incident with some Kj, say Kjt , where
jt¿ 4, then delete u and some other vertex, say w, of Kjt .
If one (or both) vertices of e is incident with vertices of some Kj, say Kjt , where
jt =2, then delete both vertices of Kjt and create a further colour class (to replace the
new empty colour class) by splitting some Ki into two complete graphs, or some Kj
into two odd complete graphs.
Now suppose that e = uv joins two singleton colour classes. If s¿ 0, then delete
u and w, for some vertex w of Kis , and then split Kis \ {w} into two odd complete
graphs. Similarly, if s = 0 and some Kj, say Kjt , satis3es jt¿ 4; we delete u and a
vertex w of Kjt , and then split Kjt −{w} into two complete graphs. Finally, if none of
the possibilities above apply, then e= uv joins two singleton colour classes, and there
are two Kj’s, say Kj1 and Kjt , both of order 2. Delete u and a vertex, say w, of Kj1 ,
and split Kjt into two singleton colour classes.
In each case, G − e satis3es the condition for near conformability, so G is nearly
conformable.
Now suppose that, for some edge e, G−e does not have the odd subgraph condition.
Then G − e has a spanning subgraph H in K(t; s; (G)+1−s− t) with t6 def (G−e),
and with the edge e not contained in any of the s odd order, non-singleton, complete
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graphs of H . More precisely, let H consist of a set of t vertex disjoint non-empty
even order complete graphs Kj1 ; : : : ; Kjt , together with a vertex disjoint set of odd
order complete graphs Ki1 ; : : : ; Kis of order at least three, and a further vertex disjoint
set of (G) + 1− s− t singletons. Our assumption is that e is not an edge of any of
Ki1 ; : : : ; Kis . We shall show that this implies that G is barely non-conformable. Observe
that, by Theorem 4, it will suOce to show that G is almost conformable.
If e is not in any of the complete graphs Ki1 ; : : : ; Kis , Kj1 ; : : : ; Kjt then JG contains
all these complete graphs, so G is almost conformable, and so G is barely non- con-
formable, as asserted.
We may therefore suppose that in every conformable vertex colouring of G − e
in which e does not lie in any of the associated complete graphs of odd order of
G − e, e is contained in one of the associated complete graphs of G − e of even order.
Then we claim that, if e = uv, then u (and likewise v) is joined in G to at least one
vertex in each other colour class. If this is not the case then u is adjacent in G − e
to each vertex of some complete graph K# (K# is one of Ki1 ; : : : ; Kis , Kj1 ; : : : ; Kjt , or
is a singleton vertex). We remove the vertex u from Kjt leaving a complete graph of
odd order jt − 1 in G − e, and we form a new complete graph in G − e by adjoining
u to K#. Whatever the parity of # + 1, we still have a conformable vertex colouring
of G − e. But now the edge e = uv in G − e is not contained in any of the complete
graphs of G − e associated with the conformable vertex colouring, a contradiction.
Thus u is joined in G to vertices in all  of the other colour classes of G−e, and so
is v. But u and v are joined to each other in G, so dG(u)=(G)+1, an impossibility.
Therefore G is almost conformable, and so is barely non-conformable, as asserted.
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